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ABSTRACT

Let Gy(n) be the class of connected graphs on n vertices having the longest cycle of length t and let G [0 Gy(n).
Woodall (1976) determined the maximum number of edges of G. An alternative proof and characterization of
the extremal (edge-maximal) graphs given by Caccetta & Vijayan (1991). The edge-maximal graphs have the
property that their complements are either disconnected or have a cycle going through each vertex (i.e. they are
hamiltonian). This motivates us to investigate connected graphs with prescribed circumference (length of the
longest cycle) having connected complements with cycles . More specifically, we focus our investigations on
the class G (n, ¢, € ) denoting the class of connected graphs on n vertices having circumference ¢ and whose
connected complements have circumference € . The problem of interest is that of determining the bounds of

the number of edges of a graph GO G(n, ¢, € ) and characterize the extremal graphs of G(n, ¢, C ).

We discuss the class G (n, ¢, C¢) and present some results for small c.

c=4and ¢ =n-2, we provide a complete solution.
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INTRODUCTION

The properties of the graphs usually involve
certain graph parameters. A great deal of graph
theory is concerned with establishing the best
bounds for graph parameters and characterizing
the graphs for which the bounds are achieved.
This important area of graph theory, called
extremal graph theory, forms the main focus of
this paper. The property we consider is
expressed in terms of the length of the largest
cycle in the graph and the length of the largest
cycle in the graphs complement. In particular,
we focus our attention on the problem of
determining the bounds of the number of edges
of graph G if given ¢(G) and ¢( G ).

We use standard set theoretic notation and
terminology. As there is considerable variation
in the graph theoretic notation and terminology
used in the literature, we present, in this
section, the basic notation and terminology that
we use in this paper. For the most part, our
notation and terminology follows that of Bondy
& Murty (1976). We denote the vertex set of a
graph G by V(G) and the edge set of G by
E(G); the cardinalities of these sets are denoted
by v (G) and € (G), respectively. We use the
standart notation denoting the complete graph

on n vertices by K, and the complete bipartite
graph with bipartitioning sets of order m and n
by K... The path and cycle on n vertices are
denoted by P, and C,, respectively. The join
between two graphs G and H, denoted by G [
H, is the graph obtained from G U H by joining
every vertex of G to every vertex of H.

Let G{(n) be the class of connected graphs
on n vertices having the longest cycle of length
tand let G O G(n). Woodall (1976) determined
the maximum number of edges of G. An
alternative proof and characterization of the
extremal (edge-maximal) graphs given by
Caccetta & Vijayan (1991).

The following three lemmas formed an
important component of the method of proof
given by Caccetta & Vijayan (1991).

Lemma 1.1

Let G O G(n) and let x O H be joined to the
vertices i1, I, ir of C. Then, for
1< a # B <k, wehave:

() Uy -igll2 25

() (ia -1, ig-1), (ia +1, ig +1) O E(G).

This lemma tells us that any vertex of G — V(C)
cannot be joined to two consecutives vertices
of acycle Cin G.

Lemma 1.2

Let GO Gt(l’l) and let P = i, X1, X2, ..oy xd.1,j be
an (i, j)-path, i # j, of length d whose internal
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vertices are not in C. Then (a) d < [1- Kt —
d,sot= 2d,

(b) for positive integers @, b witha + b < d: (i
+a,j+b),(i-aj-b)0EG).

Instead of a single vertex of G — V(C), this
lemma considers a path of length d whose
internal vertices are not in C. So, this result
generalizes Lemma 1.1.

Lemma 1.3

Let G O G(n) and let P =i, x1, X2, ..., Xa1, j be
an (i, j)-path, i # j, of length d = 2 whose
internal vertices are not in C. Suppose x; is
joined to k  vertices of C.
Let 4 = G[V(C)]. Then

EMA)S Y(t-1)-"%(k+d-2)k+d-3),
with equality holding only if d = 2 and ¢ = 2k.

We often make use of the above three lemmas
since our focus in this paper is to determine the
maximum number of edges of a graph G
having certain properties. Our properties
specify that G and its complement have a
longest cycle of specified length and both must
be connected.

The following lemma was given by Xu (1987).
Lemma 1.4

Let G be a graph of order n = 6, and both G

and 5 have cycles, then

n+2< c(G)+e(G)< 2n
and
3n—1)< o(G).co(G)< n

The following lemma is due to Kusmayadi and
Caccetta (2001).

Lemma 1.5

Let G O Gx(n), k= 2, be a k-connected graph.
Then (G is not connected.

We now consider the class G (n, 4, n — 2) of
connected graphs having a cycle of length 4
and a connected complement with a cycle of
length n — 2. Let G 0G(n, 4, n — 2). Kusmayadi
and Caccetta (2001) found the bounds of
£ (G) as stated in the following theorem.
Theorem 1.6

Let GOG (n,4,n—2),n= 9. Then € (G)=2n
—4or2n->5.

Moreover, these bounds are sharp.

METHODS
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The methods used to do this research are a
literature study. In particular, it is used the
knowledge owned by the authors from the previous
research experiences. The strategy used in this
research is divided into some steps as the
following. Let G O G(n, 4, n —2).

The first step is investigating the diameter of G,
d(G), by considering the properties of a graph G in
the class of G(n, 4, n — 2). The second step is to
investigate the minimum degree of G, d (G), by
considering the properties of a graph G in the class
of
G(n, 4, n — 2). The next step is determining the
number of edges of 4 = (7 [C], where C is a
cycle of length n — 2. The final step is
characterising the graph G O G(n, 4, n—2).

RESULTS AND DISCUSSION

The main goal of this section is giving the
characterization of the extremal graphs of
G, 4, n — 2). Let G O G(n, 4, n — 2). The
following few results deal with the diameter
d(G)of GO G(n, 4,n-2).

The diameter d(G) of G O G(n,4, n-2)
Lemma 3.1

Let GO G(n,4,n-2),n= 11. Then d(G) = 3.
Proof:

Let G O G(n, 4, n — 2). Then , by Lemma 1.5,
G has a cut vertex, v say. Suppose that
d(G) £ 2. Then every vertex of G is adjacent to
v and hence dg(v) = n — 1. But then G cannot
be connected. Hence d(G) = 3.

Lemma 3.2

Let GO G(n,4,n—2),n= 11. Then d(G) < 3.
Proof :

Suppose that d(G) = 4 and let G be the
smallest graph on n vertices satisfying the
hypothesis in the lemma. We will prove that
o (G)= 2.

Suppose J (G) = 1 and let dg(x) = 1. Consider
G - x. Clearly, G - x is connected,
c(G-x)=c(G)=4,£ (G-x)=¢€ (G)—1 and
d(G-x) £ d(G). By Lemma 14, in G-x, we
have :

AG-)+c(G-x)= (n—1)+2 =n+1.
Therefore

AG-x)= (n+1)—c(G-x)=n-—3 (since
c(G—-x)=4).

By the choice of G, we know that

(G-x)% (n-1)-2.



Jurnal ILMU DASAR Vol. 12 No. 1. 2011 : 30-36

Since c(G-x)< c(G)=n—2and (G- x) %
n - 3, then the only possibility is that
AG-x)=n-2.

But then we have c(a) > pn — 2 (since dg(x) =

1), a contradiction. So we must have

J(G)= 2.
From theorem 1.6, we know that £ (G) = 2n —
4 or 2n — 5. So, the average degree 4 of G is

d =26 (G)n< (4n—8)n<4.

This implies that d (G) < 3 and hence J (G) =
2 or 3.

Suppose dg(x) = O . Consider G — «x.
Obviously, ¢(G — x) £ ¢(G). We will show that

c(G —x) =c(G).

In G — x, we have

EG-x)=€(G)-0 22n-5-0 =3(n-
2/2+n2-2-9 2 3(n—-2)2+(n-10)2>
3(n-2)/2.

Therefore, ¢(G —x) =2 4 and so ¢(G — x) = ¢(G)
=4, as required.

We claim that c(a) z c(a) — 1. Suppose

oG-x) = og) - 1. Then
AG-x)=m—2)—1=n-3.Since do(x) = &
< 3, then 95(x) 2 n- 4. Consider (_;

The situation is as depicted in the following
Figure 1.

> (n-4) edges

A

4 v
X

Figure 1. G

We consider four cases according to the
values of e(x, C,3), the number of edges
coming from the cycle C,.; to vertex x.

Case1: e(x, Co3)=n—3.

Since the maximum degree of x in 5 is at
most n — 3, then x cannot be joined to vertices
u and v of (_; In addition, vertices u and v are
joined to at most one vertex of C,s, as
otherwise ¢( 5) > n — 2. Therefore
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3 (E)S 1/2(n*3)(n*4)+(n73)+3s 1/2(7!2
—5n+12),

with equality achieved when 5 is as shown in
Figure 2.

u

Figure 2 . @

But then G is disconnected. Therefore

E(G)S % -5n+10).

Now, we claim that there exists vertices ¢; and
¢; of V(C,) such that cic; 0 E(G).

Suppose not. Then 5 [M(Cis) O {x}]1 0 Ko
and hence d(G) < 4, a contradiction. Therefore,
there exists ¢; and ¢; in V(C,.3) such that ¢,c; O
E(G).

Suppose ¢;, ¢; [ Ncn_3(u) . Then, in E;, we
have a cycle C : x, ¢y, cpay ...y Ciy U, Cjy
Cp1, ..., Ca1, X Of length n — 1, a contradiction.
This implies that # and v are each joined to at
most one of ¢; and ¢;.

Now, suppose ¢; U Ne W) nNe (V) 1t
is easy to check that, in G, we have
d(G) = 2, a contradiction. So, without no loss
of generality, we can assume that
ve; O E(G) and uc; O E(G ). But then, in G, we
have a cycle C : u, ¢, v, ¢;, ¢, u of length 5, a
contradiction.

Case2:e(x, Chs)=n—4.

Then d_(x)=n-4orn-3. We consider these
two possibilities separately.

Suppose that d5(X) = n- 4 Then x cannot be

joined to vertices u and v of 5 In addition, u
and v can only be joined to at most one vertex
of C,s. The reason for this is as follows :
Suppose, without no loss of generality, uc; and
uc; O E(G). Then, in G, we have a cycle C: x,
Citly Cji2y - ., cin1, x of length n —
1,

a contradiction. Hence,

.5 Ciy Uy Cjy Cj-1,y ..
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E(G)S Bh-3n-DH+n-4)+3< %
(n* —5n + 10),
with equality achieved when (G is as shown in

Figure 3.
u

Figure 3. 6

But then G is disconnected or d(G) = 2, a
contradiction.
Therefore,

£(G)S % —5n+8).
Again, we claim that there exists ¢; and ¢; of
V(C..3) such that c;c; O E( G ). Suppose not. Let

e = xc,, where ¢, O V(C,3). Then (_} [M(C.s) O
{x}] O K.»\e and hence
d(G) < 4, a contradiction. Therefore, there
exists ¢, ¢ O W(C,;) such that
CiCj O E( G )

Suppose ¢, ¢; O N¢ () | Then, in E;, we
have a cycle C : x, ¢y, Ci2y ..., Ci, U, Cj
Ci1, ..., Cis1, X Of length n — 1, a contradiction.

This implies that # and v are each joined to at
most one of ¢; and ¢;.

Now, suppose ¢; 0 Ne,, ) A Ne,,(V) . 1t is
easy to check that, in G, we have
d(G) =2 or there is a cycle C : x, ¢, u, ¢, v, x
(note that ¢, could be the same as ¢;) of length
5, a contradiction. So, with no loss of
generality, we can assume that

ve; D E(G ) and uc; 0 E( G ). But then, in G, we

have a cycle C : u, ¢, v, ¢;, ¢;, uof length 5, a
contradiction.

Suppose now that dg(x) = n-3 Then,
without loss of generality, we may assume that
ux O E(G ). Clearly, u cannot be joined to any
vertices of C,3 and vertex v can only be joined
to at most one vertex of C,s, as otherwise,
suppose e and
ve; O E(G). Then, in G, we have a cycle C : x,

Cj+l, Cj+2, ceey Ci, u, Cj,
¢, ..., Cir1, Xx of length n — 1, a contradiction.
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But then, in G, we can find a cycle C : u, c1,v,
X, ¢, u (c1, ¢ O V(C,3)) of length 5, a
contradiction.

Case3:e(x,C)=n—-5. y

If dz(x) = n-3 then x must ai30 be joined to
u and v. Clearly, u and v cannot be joined to
any vertex of C,, as otherwise c(a) >n-2.

But then, in G, we have a
cycle C : u, c1,v, ¢, x, c3, u (¢; 0 V(Cus), i =1,
2) of length 6, a contradiction.

If dg(x) = n-4 then, without loss of

generality, we may assume that ux [ E(a).

Clearly, u cannot be joined to any vertices of
C..; and vertex v can only be joined to at most

one vertex of C,s, as otherwise c((_;) >n-2.
Again, in G, we have a cycle
C:u,ci,yv,cnx,cu(cUNNCn),i=1,2,3)
of length 6, a contradiction.

Case4 :e(x, C,3)=n—6.

Clearly dz(x) = n-4 and hence x must also

be joined to u and v. In addition, u and v cannot
be joined to any vertex of C,.;, as otherwise ¢(

5) > n —2. But then, in G, we have a cycle C:

u, c,v, ¢, X, ¢3, u (¢; U V(C,3)) of length 6, a
contradiction.

Therefore, c(G-x)=c(G)or c(G-x) < o
G)-2.

If o(G-x)=n—2 and since dg(x) = n-4,
then ¢( 5) > n — 2, a contradiction.

Now, if c(G-x)< (n—2)—2=(n—1) -3 and
since d g (x)=n—3 or n— 4, then clearly that

c(E) < n — 2, a contradiction. This completes

the proof of the lemma. €

Lemmas 3.1 and 3.2 together give :

Theorem 3.3

Let GO G(n, 4, n—2),n= 11. Then d(G) = 3.

€

The minimum degree & (G) of GOG(n,4,n—
2)

The following result deals with the minimum
degree J(G) of a  graph
GOG(n 4, n-2).

Lemma 3.4

Let GO G, 4, n—2),n= 11. Then J (G) =
1.
Proof :
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Let G be the smallest graph on n > 11 vertices
satisfying the hypothesis in the lemma. By

Theorem 1.6, the average degree ; of Gis

d =2 (G)in< (4n—8)n<4,

andso 1< d (G)< 3.

Suppose d (G) = 2 and dg(x) = o . Consider G
—x. Clearly, ¢(G- x) £ ¢(G) =4.

By Lemma 1.4 we have ¢(G- x) + ¢(G-x) 2
(n-1)+2 =n+1,

and hence
dGg-x)2mn+1)—-c(G-x)=mn+1) -4
(Since ¢(G-x) £ 4)
Obviously, ¢(G - x) < c(a) =n-2.

=n-3.

By the choice of G, we know that C(Zc) Z
(n—1)-2.

So the only possibility is c(G-x) = n — 2.
Since dg(x) = 2 or 3 then we have

¢(G) > n — 2, a contradiction. This completes
the proof of the lemma.

The number of edges € (K ) where Z = E
<
Let G O G(n, 4, n—2) and let C be a cycle of

length n — 2 = c((_;) in the connected

A = GIC). The
following lemma gives the lower bound of the
number of edges of 4 .

Lemma 3.5

Let G O G(n, 4, n—2) and let C be a cycle of
length n — 2 =

complement 5 . Suppose

C(E;) in the connected

complementa. Suppose 4 = 5 [M(O)].

_ -2
Then€ (4)= HZ E—l.

Proof :

Let GO G(n, 4, n—2) and let C = {x;, x2, ...,
X»2} be a cycle of length n — 2 in 5 Let z7 =
G - MO = {u, w} and 4 = G MO
(_;. We, first, that
d;(u) < 2 for any u [ V(;[ ). Suppose dg (1)
> 3 for some u [ V(ﬁ ). Then, at least one of

the vertices of 7 must be joined to at least

Consider show

two vertices of C. Suppose u; x; and

wx, DE(G).
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By Lemma 1.1, we getld - j[I1= 2 and x;1 x4 [
E(G).

Now, suppose NG (u1) = {x;, X; ..., X;,

By Lemmas 1.1 and 1.2,

X0 X wh®,1 | m k

This implies that, in G, we can find a path P
and vertex u; is joined to every vertex of this
path Pi. If k= 4, we can get a cycle of length
at least 5 in G, a contradiction.

Therefore, ON G (1)) n CCK 3.

IfONG (u) n CO=2and d g (u;) < 2, then by
Lemmas 1.1 and 1.2, we can find, in G, an
edge e and vertex x; such that e is incident to u,
and u, and both u; and u, are joined to vertex
xr. Consequently, there exists a cycle u; xii X1
u> xr uy of length 5 in G, a contradiction.

Now, suppose ON G (1) n CO=3 and d G (1)

< 2. Again, by Lemmas 1.1 and 1.2, we can
find a path P; in G such that vertex u;, is joined
to every vertex of P; and vertex u, is joined to
at least two vertices of P;. Hence, we get a
cycle of length 5 in G, a contradiction.

we  get

So, the only possibility is d g (u) = d g (u2) =
3. Without any loss of generality, the situation
can be depicted as shown in Figure 4.

3} uy Uz

Figure 4. 6

If wu, O E(;), then clearly [NVg (u1) n
Ny (u2) O< 3. Hence, we can find a path P; in

G such that vertices u; and u, are joined to
every vertex of this path P;. Therefore, we get
a cycle of length at least 5 in G, a
contradiction.

Now, if wiu, O E(g ), then ON g (u1) n
Ng (u) (2. If ON5 (u1)) N Ng (u2) F 0, then,
in G, we can find two K3’s such that vertices u;
and u, are joined to every vertex of these K’s.
Hence, we get a cycle of length at least 5 in G,
a contradiction.

If OV (u) N Ng (u2) (=2 1, then we can find
K and a vertex x; in G such that u; and u, are
joined to x; and every vertex of K, This
implies that G has a cycle of length 5 : u; x4
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Xj+1 Uz Xi U1, @ contradiction. Therefore, we have
dg(u) < 2 for any  vertex
uOV(H).

If vertices u; and u, of 7 are joined to the
same vertex of C, then by Lemma 3.4, we have
A (G)=n-2, and hence

_ -2
c()-&, &1 M

If vertices u; and u, of fJ are joined to the
different vertex of C, then again, by Lemma
3.4, we have A ((G ) =n-2, and then

_ -2
t()-8 ¢ @

_ -2
From (1) and (2) we get £ (4)= %2 g- 1,

as required.

Remark 3.1

Let G O G(n, 4, n — 2) and let G be the
connected complement of G. Then
d( 6) =3 . This follows from Theorem 3.3 and
Lemma 3.5.

The characterisation of G O G(n, 4, n—2)
We are now ready to characterize the extremal
graphs of G(n, 4, n — 2) as stated in the
following theorem.

Theorem 3.6
LetGOGMN,4,n-2).ThenGOG; i=1,2,
3, 4,
where £ ( G) =
2n-5, i=12,3
HZn -4, i=4
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5
1

Gy=

K

Figure 5. The extremal graphs of G O G(n,4,n—
2)

Proof :

Let G O G(n, 4, n — 2) and let 5 be the
connected complement of G having a cycle C
of length n —2 =c¢(G) in G. Let C = {x, xa,
s Xaa)s 4 =  GINO)] and

H =G -VO)= {u, ua}.

_ -2
ByLemma3.5,& (4)=2 %2 g—l.

So, we have two cases to consider concerning
the number of edges in 4 .

_ -2
Casel:f(A)—%2 2

Then 4 O K,.. Therefore, any vertex of f7
can be joined to at most one vertex of 4, as
otherwise c(a) >n-—2.

If wnu, O E((_; ), then without loss of generality,
we can take wwxi O E(a) and
UX; DE(E), 1<j< n—-2.S0,weget GU Go.
If ww 0O EG), then wx and
uox; E(a), i # j. Hence, we get G O G..

_ -2
Case2: ¢ (A)=§2 g—l.

Then, 4 O K,»\e. Suppose e = x¢x,,, with x¢
and x, O V(Z ). By Remark 3.1, we get d(E)

= 3 and hence any vertex of g7 must be joined
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to the same vertex x, or x,, , as otherwise c(a)
>n—2ord(G)>3.

If wu, O E( H ), then without loss of generality,
0 EG)
uxe O E((_; ), and so we get G [J Gs.

we can take wuxe and

If ww, O E(H ), again, without loss of
generality, we can take ux; and uxe [ E(E)

and hence we get G [0 Gy. This completes the
proof of the theorem.

CONCLUSION AND SUGGESTION

The characterisation of the extremal graphs of
G O G(n, 4, n — 2) is as stated in the Theorem
3.6. We suggest the readers to investigate more
general problem for

G O G(n, ¢, €) and characterise the related
extremal graphs.
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